Introduction
In Riemannian (as well as semi-Riemannian) manifolds, different geometric structures such as almost complex structures, almost product structures, almost contact structures, and almost paracontact structures allow significant results to emerge while investigating differential and geometric properties of submanifolds.
As a generalization of the golden mean, the number ϕ = 1+ √ 5 2 = 1.618... is known as a solution of the equation x 2 − x − 1 = 0 , Spinadel introduced a family of metallic proportions in [5] . The positive solutions of the equation x 2 − px − q = 0 create members of the metallic proportions (or means) family, which are called (p, q) metallic numbers and denoted by σ p,q = p + √ p 2 + 4q 2 .
(1.1) manifolds, which can be viewed as one of the most important subclasses of metallic Riemannian manifolds, and their submanifolds have been studied extensively by many geometers (see [7] [8] [9] 12] ). Poyraz Önen and Yaşar [16] initiated the study of lightlike geometry in golden semi-Riemannian manifolds by investigating lightlike hypersurfaces of a golden semi-Riemannian manifold. Since the metallic structure on the ambient Riemannian (or semi-Riemannian) manifold provides more general geometric results than the consequences provided by the golden structure on submanifolds, the metallic Riemannian (as well as semi-Riemannian) manifolds have been studied by many authors. Invariant, antiinvariant, semiinvariant, slant, and semislant submanifolds of a metallic Riemannian manifold were studied in [3, 10, 11] . Some special types of lightlike submanifolds on a metallic semi-Riemannian manifold were introduced in [1, 6] .
In 2011, by a different approach, Kalia [15] introduced a new bronze mean and studied bronze Fibonacci and Lucas numbers. The author showed the relationship between the convergents of continued fractions of the power of bronze means and the bronze Fibonacci and Lucas numbers. Note that, unlike the bronze mean contained by the metallic means family defined in [5] , that new bronze mean given by Kalia [15] cannot be expressed with σ p,q for any positive integers p and q .
Considering the study on a Riemannian manifold with the golden structure [4] and the bronze mean introduced by [15] , Şahin in [17] defined a new type of manifold equipped with the bronze structure and named it an almost poly-Norden manifold. He gave some important geometric results and investigated the constancy of certain maps.
In the present paper, we initiate the study of submanifolds in almost poly-Norden Riemannian manifolds.
Preliminaries
The positive solution of
is called the bronze mean [15] , which is defined by
A family of sequences (f m,n ) given by the recurrence
where f m,0 = 0 and f 
For further reading, we refer to [15] .
In [17] , by using the bronze mean given in (2.1), the author defined a new type of differentiable manifold equipped with a bronze structure. LetM be a smooth manifold. If a tensor fieldΦ of type (1, 1) satisfies
thenΦ is said to be a poly-Norden structure onM . Then we say thatM is an almost poly-Norden manifold equipped with a poly-Norden structureΦ. An almost poly-Norden structureΦ is an isomorphism on a tangent space ofM , which has eigenvalues m+
Also, if (M ,g) is a semi-Riemannian manifold endowed with a poly-Norden structureΦ such that the semi-Riemannian metricg isΦ-compatible, i.e.
for everyX,Ỹ ∈ Γ(TM ) , then (Φ,g) is called an almost poly-Norden semi-Riemannian structure and (M ,Φ,g)
is named an almost poly-Norden semi-Riemannian manifold [17] .
Proposition 2.1 [17] Every complex structureJ on a semi-Riemannian manifold induces two poly-Norden structures onM given bỹ
Conversely, every poly-Norden structureΦ onM induces two almost complex structures on this manifold given as follows: Note that NΦ = 0 is equivalent to∇Φ = 0 . It was shown that every almost Norden manifold is an almost poly-Norden manifold with m = 0 [17] . Throughout the paper we will consider that m ̸ = 0 .
Submanifolds of almost poly-Norden Riemannian manifolds
Let M be an n -dimensional submanifold of an (n + k) -dimensional almost poly-Norden Riemannian manifold (M ,Φ, g) . We denote the induced Riemannian metric on M by g . For any X ∈ Γ(T M ) and U ∈ Γ(T M ⊥ ) , we putΦ
where f X (resp. wX ) is the tangential (resp. normal) part ofΦX and BU (resp. CU ) is the tangential (resp. normal) part ofΦU.
From (2.4) and (3.1)-(3.2) one can easily see that
Also, the maps w and B are related by g(wX, U ) = g(X, BU ).
The Levi-Civita connections on M andM will be denoted by ∇ and∇ , respectively. Then the Gauss and Weingarten formulas are given bỹ 
5)
Note that if we take the covariant derivative of g(N β , N γ ) = δ βγ on M , then we have σ βγ = −σ γβ .
Note that a submanifold M is called: Riemannian manifold (M ,Φ, g). Then we have
Proof From (3.5) and (3.6) and by using equations (3.1) and (3.2), we write
If we use the fact g(wX, N β ) = g(X,ΦN β ), for 1 ≤ β ≤ k , the last equation above reduces to
By interchanging the roles of Y and Z in (3.10) and using (3.8) we complete the proof. 2
Consider that (M ,Φ, g) is an (n + k) -dimensional poly-Norden Riemannian manifold and M is a
SinceM is a poly-Norden Riemannian manifold, i.e.∇Φ = 0 , then by using (3.1), (3.2), (3.5), and (3.6), we calculate
On the other hand, for any X ∈ Γ(T M ) and U ∈ Γ(T M ⊥ ), we writẽ
By applyingΦ to both sides of (3.13) and using the fact thatM is a poly-Norden Riemannian manifold, we obtain In view of (3.12) and (3.14), we get:
In this case, the followings hold:
can be written respectively in the following forms:
15)
where f is a tensor field of type (1, 1) on M , which transforms tangent vector field X on M to the tangential component ofΦX , while υ β are real 1 -forms and ζ β vector fields on M . Here, θ βγ are differentiable real valued functions on the submanifold M provided a k × k matrix denoted by (θ βγ ) 1≤β,γ≤k .
Since 
Proof ApplyingΦ to both sides of equation (3.15) and using (2.2), we have
.
If we equate the tangential and the normal parts of the last equation we obtain (3.20) and (3.21), respectively. 
Proof From (3.5), (3.6), (3.15), and (3.16), we calculate
SinceM is a poly-Norden manifold, i.e. (∇ XΦ )N β = 0 for all X ∈ Γ(T M ), then by equating the tangential and the normal parts of the last equation above we complete the proof. Proof From the first equation given in Proposition 3.3, we can write
via (3.17 ). If we change the roles of X and Z in the last equation, we get
Hence, ∑ k β=1 υ β (Y )h β (X, Z) is symmetric and also skew-symmetric in X, Y . Then we get
are linearly independent, we complete the proof. 
is an almost poly-Norden matrix; that is,
where I k denotes the unit matrix of order k .
Proof Since M is an n -dimensional invariant submanifold, then from (3.22) we have
If we denote the matrix (θ βγ ) k×k by Θ, we complete the proof. Proof Assume that M is an invariant submanifold. Since υ β = 0 (equivalently, ζ β = 0 ) for 1 ≤ β ≤ k , then from (3.18) and (3.20) , we see that
for all X, Y ∈ Γ(T M ), which imply that (f, g) is an almost poly-Norden Riemannian structure on M.
Conversely, if (f, g) is an almost poly-Norden Riemannian structure on M , then from (3.20) we write
Hence, M is an invariant submanifold. This completes the proof. 2 Example 3.11 Let R 4 be the 4 -dimensional real number space with a coordinate system (x 1 , x 2 , y 1 , y 2 ). We defineΦ : Φ) is an almost poly-Norden manifold [17] . If we consider the usual scalar product ⟨, ⟩ on R 4 , then we see that it isΦ-compatible and (R 4 ,Φ, ⟨, ⟩) is an almost poly-Norden Riemannian manifold. Now assume that M is a submanifold of (R 4 ,Φ, ⟨, ⟩) defined by
In this case Γ(T M ) = Span {X, Y } , where X 1 = (1, 1, 0, 0), X 2 = (0, 0, 1, 1). (1 ≤ β ≤ k) can be written respectively in the following forms:
It is easy to see thatΦX
= B m X andΦY = (m − B m )Y , which imply that M is an invariant submanifold of (R 4 ,Φ, ⟨, ⟩) .
Antiinvariant submanifolds of almost poly-Norden Riemannian manifolds
As a consequence of Proposition 3.3, we have:
Let M be an n -dimensional antiinvariant submanifold of an (n + k) -dimensional poly-Norden Riemannian manifold (M ,Φ, g). In this case, the followings hold:
Proposition 3.14 Let M be an n -dimensional antiinvariant submanifold of an (n + k)-dimensional almost poly-Norden Riemannian manifold (M ,Φ, g) . Then there exists a structure (g, υ β , ζ β , (θ βγ ) k×k ) on M induced by the almost poly-Norden structure ofM , which satisfies
for all X, Y ∈ Γ(T M ) . Moreover, ifM is a poly-Norden Riemannian manifold then we have
Hypersurfaces of almost poly-Norden Riemannian manifolds
Suppose that M is a hypersurface in an (n+1) -dimensional almost poly-Norden Riemannian manifold (M ,Φ, g).
In this case (3.15) and (3.16) can be written as follows:
where υ(X) = g(X, ζ) , for all X ∈ Γ(T M ) .
From Lemma 3.4 and Proposition 3.5, we have: (f, g, υ, ζ, θ) be the induced structure on a hypersurface M of an almost poly-Norden Riemannian manifold (M ,Φ, g) . Then for any X, Y ∈ Γ(T M ) we have
For a hypersurface M, the Gauss and Weingarten formulas are given bỹ
for any X ∈ Γ(T M ) and N ∈ Γ(T M ⊥ ), respectively.
If (M ,Φ, g) is a poly-Norden Riemannian manifold, by using Proposition 3.3 we get the following: (f, g, υ, ζ, θ) be the induced structure on a hypersurface M of a poly-Norden Riemannian manifold (M ,Φ, g). Then we have Proof Assume that M is an invariant hypersurface in (M ,Φ, g) . Then we have υ = 0 (or equivalently ζ = 0 ), which impliesΦN = θ N, via (4.2).
Conversely, let the normal vector N of M be an eigenvector ofΦ with the eigenvalue θ . Hence, we get ζ = 0 . This completes the proof. with the induced structure (f, g, υ, ζ, θ) . Then the following are satisfied equivalently:
Proof Assume that M is totally geodesic. Then from Proposition 4.2, one can easily see that ∇f = 0 , ∇ζ = 0 , and ∇υ = 0 . Suppose that f is parallel on M with respect to ∇. Then by using (4.7) in Proposition 4.2, we write
which gives
Putting Y = ζ in the last equation, since ζ is a nonnull vector, then we have g(A N X, ζ) = 0.
If we put Y = A N X , in (4.9), we get g(A N X, A N X) = 0 , which implies A N X = 0 , for all X ∈ Γ(T M ) . Thus, we observe that M is totally geodesic. Also, from (4.5) and (4.7) we get ∇ζ = 0 and ∇υ = 0.
Next, let ∇ζ = 0. Using (4.7) we write
for all X ∈ Γ(T M ). If we apply f to both sides of the last equation, we get
(4.10)
By using the first equation of (4.3) and (4.6) in (4.10), we obtain
Since υ (ζ) = g(ζ, ζ) = θ(m − θ) − 1 on a noninvariant hypersurface, then (4.11) can be written as
Applying f again to both sides of (4.12) and using Proposition 4.1, we have
which implies that either X(θ) = 0 or 2θ = m . For both cases it is obvious that X(θ) = 0 , and from (4.12) we conclude that A N X = 0, for any X ∈ Γ(T M ). If A N X = 0 , then (i), (ii), and (iv) also hold.
Finally, assume that ∇υ = 0. From (4.8) we see that ∇ζ = 0. If ζ is parallel on M , then it is obvious from the above parts of the proof that M is totally geodesic and f is parallel. This completes the proof. 2
Let M be a totally umbilical hypersurface of a poly-Norden Riemannian manifold (M ,Φ, g) endowed with the induced structure (f, g, υ, ζ, θ) . Then from Proposition 4.2 we have
By using the definition of an invariant hypersurface and the fourth equation in (4.13) we get: Conversely, suppose that M is a hypersurface of a poly-Norden Riemannian manifold (M ,Φ, g) such that f = θI , where (f, g, υ, ζ, θ) is the induced structure on M . Then from (4.13) we can easily see that ∇ X ζ = 0 for any X ∈ Γ(T M ), which implies that M is invariant.
Hence, we get the following. Inspired from the examples constructed for the golden case [13] and the metallic case [3, 10, 14] , we give the following examples:
Example 4.10 Let R 5 be the 5 -dimensional real number space with a coordinate system (x 1 , x 2 , y 1 , y 2 , z) . We defineΦ :
. It is easy to see that (R 5 ,Φ) is an almost poly-Norden manifold. Since the usual product ⟨, ⟩ on R 5 isΦ-compatible, then (R 5 ,Φ, ⟨, ⟩) becomes an almost poly-Norden Riemannian manifold. Now suppose that M is a hypersurface of (R 5 ,Φ, ⟨, ⟩) defined by
The tangent bundle of the hypersurface is generated by {Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 } , where Ψ 1 = (1, 0, 0, 0, 1), Ψ 2 = (0, 1, 0, 0, 0), Ψ 3 = (0, 0, 1, 0, 0), Ψ 4 = (0, 0, 0, 1, 0).
It can be seen thatΦ(Ψ
i ) = B m Ψ i andΦ(Ψ j ) = (m − B m )Ψ j , i = 1, 2, j = 3, 4, which imply that M is an invariant hypersurface of (R 5 ,Φ, ⟨, ⟩).
Example 4.11
Let R n+k be the (n+k) -dimensional real number space with a coordinate system (x 1 , ..., x n , y 1 , ..., y k ) .
We defineΦ
. Then it is easy to verify thatΦ 2 = mΦ − I , where I is the identity operator; that is, (R n+k ,Φ) is an almost poly-Norden manifold (see also [17] ). Since the usual product ⟨, ⟩ on R n+k is Φ -compatible, then (R n+k ,Φ, ⟨, ⟩) is an almost poly-Norden Riemannian manifold.
Consider the hypersphere S n+k−1 (r) of R n+k , which is defined by S n+k−1 (r) = {(x 1 , ..., x n , y 1 , ..., y k ) :
The normal vector field of S n+k−1 (r) at any point (x 1 , ..., x n , y 1 , ..., y k ) ∈ S n+k−1 (r) is given by .. ., x n , y 1 , ..., y k ).
Then there exists a tangent vector (X 1 , ..., X n , Y 1 , ..., Y k ) on S n+k−1 (r) for every point (x 1 , ..., x n , y 1 , ..., y k ) ∈
By using (4.1) and (4.2), we writeΦ (4.19) can be written as
Furthermore, by using (4.15) and (4.20) we have
(4.21)
Hence, S n+k−1 (r) is a noninvariant hypersurface of the almost poly-Norden Riemannian manifold (R n+k ,Φ, ⟨, ⟩) endowed with the induced structure (f, ⟨, ⟩ , υ, ζ, θ) given by (4.17)-(4.21).
Example 4.12
Consider that R 2n+k is the (2n + k) -dimensional real number space with a coordinate system (x 1 , ..., x n , y 1 , ..., y n , z 1 , ..., z k ) . We denote (x 1 , ..., x n , y 1 , ..., y n , z 1 , ..., z k ) = (x i , y i , z j ),
where i ∈ {1, ..., n} , j ∈ {1, ..., k} , and we definẽ
. One can easily see that (2.2) is satisfied and the scalar product ⟨, ⟩ on R 2n+k is Φ -compatible. Then (R 2n+k ,Φ, ⟨, ⟩) is an almost poly-Norden Riemannian manifold. Let S 2n+k−1 (r) be the hypersphere of R 2n+k , which is defined by
In this case, the normal vector field of S 2n+k−1 (r) for any point (x i , y i , z j ) ∈ S 2n+k−1 (r) is given by
A vector field (X 1 , ..., X n , Y 1 , ..., Y n , Z 1 , ..., Z k ) on S 2n+k−1 (r) at each point (x i , y i , z j ) ∈ S n+k−1 (r) will be denoted by (X i , Y i , Z j ). Since X⊥N , then we have
ApplyingΦ to N , we getΦ
By using θ = ⟨Φ N, N ⟩ , we obtain
From (4.2) and (4.1), we obtain
Moreover, we calculate
Hence, S 2n+k−1 (r) is a noninvariant hypersurface of the almost poly-Norden Riemannian manifold (R 2n+k ,Φ, ⟨, ⟩) endowed with the induced structure (f, ⟨, ⟩ , υ, ζ, θ) given above.
